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We consider a wire network of ferromagnetic impurities on the surface of an s-wave superconductor
with strong Rashba spin-orbit interaction. Within the topological phase, zero-energy Majorana
fermions appear at wire end-points as well as at junctions between an odd number of wire segments,
while no low-energy states are present at junctions between an even number of wire segments,
providing strong experimentally accessible signatures for Majorana fermions. We also investigate
the quasiparticle energy gap with respect to varying the Rashba spin-orbit coupling and magnetic
impurity strength.
PACS numbers: 74.90.+n, 03.65.Vf, 74.55.+v
During the past few years, topological superconductiv-
ity and the often accompanying Majorana fermions have
attracted a significant amount of interest [1–12]. The
interest is at least two-fold. First of all, topological ma-
terials, and Majorana fermions in particular, have a fun-
damental appeal because of analogies to phenomena in
high-energy physics. A key feature of topological mate-
rials is the topologically protected Dirac spectrum that
appears at their boundaries, which resembles the spec-
trum of relativistic particles [13]. Topological supercon-
ductors also offers the promise of finding particles so far
only theoretically predicted in high-energy physics, the
so-called Majorana fermions, which are the solutions to
a real-valued Dirac equation, and thus are their own an-
tiparticles [14]. Secondly, condensed matter realizations
of Majorana fermions have also been proposed to be used
to construct robust qubits for quantum computing, gen-
erating significant interest also from an applied point of
view [1, 15].
One prominent system where theory predicts that con-
densed matter realizations of Majorana fermions appear
is at the end points of a wire of ferromagnetic atoms de-
posited on top of an s-wave superconductor with strong
Rashba spin-orbit interaction [16–18], or the physically
equivalent setup with magnetic atoms forming a heli-
cal magnetic state [19–23]. Recent scanning tunneling
microscopy and spectroscopy (STM/STS) experiments
on such a system composed of magnetic Fe atoms de-
posited on Pb, which is a conventional s-wave supercon-
ductor with Rashba spin-orbit interaction, have observed
the first hallmark of Majorana fermions; zero-energy bias
peaks in the local density of states (LDOS) at the wire
end points [24–26]. However, zero-energy states can have
multiple origins and might very well not be Majorana
fermions [27, 28]. Thus, stronger evidence is needed in
order to rule out other explanations.
In this work we propose to build a network of wires
by using STM to deposit ferromagnetic impurity atoms
on a Rashba spin-orbit coupled superconductor and find
signatures that are clearly distinct to Majorana fermion
zero-energy states. We show through realistic numer-
ical calculations that well-localized Majorana fermions
appear not only at end points of individual wires, but
also at junctions between an odd number of wires. How-
ever, at junctions with an even number of wires, there
are no low-lying energy states.
Networks of one-dimensional (1D) topological wires
have previously been studied for future Majorana fermion
braiding [29–36], but we show that even the plain experi-
mental observation of localized zero-energy states at odd
junctions, together with the absence of such states at
even junctions, directly provides strong evidence for that
the zero-energy states corresponds to Majorana fermions.
We further investigate how the energy of the quasiparticle
impurity bands depends on all parameters entering the
system: Rashba spin-orbit interaction, magnetic impu-
rity term, chemical potential, and superconducting order
parameter. We verify that in a broad parameter range,
there is a large difference in energy between Majorana
fermions at odd junctions and the lowest-energy quasi-
particle impurity states in even junctions. This reaffirms
a wire network as a very promising tool to probe the
Majorana character of zero-energy states. Moreover, the
quasiparticle impurity energies also sets the excitation
gap protecting the Majorana fermions from quasiparticle
poisoning in odd junctions. In particular, we show that
a large Rashba spin-orbit interaction is highly beneficial
for a large excitation gap.
Model.—The presence of ferromagnetic impurity
atoms deposited on top of an s-wave superconductor with
strong Rashba spin-orbit interaction [24–26], gives rise to
the following effective Hamiltonian [16, 17, 37–41]
H = Hkin +Hso +Hsc +HVz , (1)
Hkin = −t
∑
〈i,j〉,σ
c†iσcjσ − µ
∑
i,σ
c†iσciσ,
Hso = α
∑
ib
(
eiθbc†i+b↓ci↑ + H.c.
)
,
Hsc =
∑
i
(
∆c†i↑c
†
i↓ + H.c.
)
,
HVz = −
∑
i,σ,σ′
Vz(i) (σz)σσ′ c
†
iσciσ′ ,
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FIG. 1: Wire network of ferromagnetic impurities embedded
in a conventional 2D superconducting layer with Rashba spin-
orbit interaction. The total lattice size is 400×400 sites, while
each one-atom wide wire segment is 100 sites long. Sites 1-
9 represents all wire end and junction points, while B is a
generic bulk site.
modelled on a 2D square lattice. Here c†iσ (ciσ) is a cre-
ation (annihilation) operator for a σ-spin on site i. Fur-
ther, 〈i, j〉 denotes summation over nearest neighbor in-
dices, while b runs over all vectors pointing along the
nearest neighbor bonds and θb denotes the polar coor-
dinate of this vector. The superconductor is here repre-
sented by a generic band structure set by the hopping
parameter t, chemical potential µ, and spin-orbit cou-
pling α, while the superconducting s-wave order param-
eter is ∆. For simplicity we measure energy in units of
t = 1. The presence of the magnetic impurity atoms is
modelled by a Zeeman spin-splitting Vz(i) being induced
in the superconductor, which is only finite at the impu-
rity sites, indicated in Fig. 1. An impurity wire enters a
topologically non-trivial phase, hosting end-point Majo-
rana fermions, for Vz larger than some critical value [41].
Adatoms forming a helical magnetic state can be reduced
to the same model, with the helicity of the adatoms gen-
erating the spin-orbit coupling [21, 22]. We are here pri-
marily concerned with the directly experimentally mea-
surable LDOS which we calculate using
ρi(E) =− 1
pi
∑
σ
Im (Gσσii (E)) , (2)
following the Chebyshev-Bogoliubov-de Gennes method
outlined in Ref. [42], where we truncate the Chebyshev
expansion at 104 coefficients. This method allow us to
study wires with a realistic length that are embedded in
a large superconducting system. Spin-polarized LDOS is
calculated by ignoring the summation over σ in the above
expression.
Majorana fermions.—In Fig. 2 we show the LDOS cal-
culated on the sites marked by B (blue thick line) and
1-9 in Fig. 1. Clear zero-energy peaks are observed on
site 2, 3, and 6-9 (black lines). All of these corresponds
to junctions with an odd number of wire segments or
single wire end points, henceforth named odd junctions.
In contrast, no zero energy peaks are observed on sites
1, 4, and 5 (red lines), which corresponds to junctions
with an even number of wire segments, or simply even
junctions. This clear-cut distinction between even and
odd junctions can be understood from the requirement
that an even number of Majorana fermions have to be
present in any condensed matter system: First, consider
a system with a single multi-wire junction. In this case
the number of wire end-points is even or odd, depend-
ing on whether the junction is even or odd. Thus for an
odd junction one Majorana fermion has to appear some-
where else than at the end-points. That this remain-
ing Majorana fermion appears at the junction is clear
when considering the junction as being created by bring-
ing several end-points together. Then pairs of Majorana
fermions are able to hybridize and can thus split in en-
ergy at the junction. In total, this leaves at least one
unpaired Majorana at the junction whenever the num-
ber of incoming wires is odd. Now, as long as the wire
segments are long enough, the local physics at a certain
junction should not depend on whether an incoming wire
segment truly terminates in a single end-point or in an-
other junction. It is therefore expected that Majorana
fermions appear at odd junctions in a wire network. In
addition, Fig. 2 shows that at even junctions, both 2-
and 4-wire junctions, the original wire end-point states
significantly hybridize, leaving no low-lying energy states
and not even any states notably separated from the re-
maining quasiparticle impurity bands.
Next we note that the zero-energy peaks at site 2 and 8,
corresponding to junctions between three wire segments,
are notably smaller than the peaks at wire end-points.
Clearly, Majorana fermions at wire end-points can only
spread along the wire network in a single direction, while
the Majorana fermions at three-wire junctions can spread
along all three directions. Smaller peaks are therefore
natural due to the Majorana fermions being localized
over a larger region. Also, as can be seen from Fig. 3(a),
the LDOS peak at the actual junction atom is also a
bit smaller because the Majorana fermion in fact has its
highest density on the neighboring sites.
Intragap states.—Having seen that Majorana fermions
appear only at odd junctions, we move on to discuss the
other intragap states. For odd junctions they determine
the excitation gap, which is important if the Majorana
fermions are to be used for storing information. Further,
the intra gap states at even junctions sets the energy scale
needed for resolving the difference between even and odd
junctions, important for providing evidence of Majorana
fermions. To study all types of intragap states we plot
in Fig. 3 the LDOS along the whole wire segment from
point 1 to 3, spanning, wire-end, 2-, and 3-wire junc-
tions. There is a continuum of intragap states along the
whole wire segment, stretching about halfway into the
gap |∆| and with relatively little variation in the band
bottom energy. There exists also at the even-junction
two intragap states slightly below this continuum, but
their energies are not notably separated from the con-
tinuum band bottom along the wire segment as a whole.
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FIG. 2: LDOS on the sites marked 1-9 in Fig. 1 (thin lines)
and on the bulk site B (thick blue lines). Zero-energy peaks
are seen on sites 2, 3, and 6-9 (black), while such peaks are
absent on sites 1, 4, and 5 (red). The parameters are here
µ = −4, α = 0.3, ∆ = 0.1, Vz = 1.5, which puts the wires
comfortably within the topological phase.
These states are also well-localized, revealing them be-
ing strongly hybridized wire-end points Majorana states.
To thoroughly investigate the behavior of the intragap
1 2 3
|Δ|
-|Δ|
0
max
a
b
E
FIG. 3: LDOS along the line joining points 1 and 3, at E = 0
(a) and as function of energy (b). White ripples along the
energy direction in the otherwise empty region (blue) are due
to the truncation of the Chebyshev expansion, and not due to
additional states, and can be understood as Gibbs oscillations.
They are only visible due to a logarithmic color scale (cp. to
Fig. 2 plotted without logarithmic scale). Same parameters
as for Fig. 2
.
states over a wide parameter range, we also study the
LDOS at both the even junction 1 and the odd junction
2 as a function of varying Rashba spin-orbit interaction
and magnetic impurity strength. The variation with the
other two parameters, chemical potential and supercon-
ducting order parameter, is much simpler and reported
in the Supplementary material.
Rashba spin-orbit interaction.—In Fig. 4 we plot the
LDOS at sites 1 and 2 for a sequence of different spin-
orbit coupling strengths α. It is clear that the energy
gap depends fairly linearly on the strength of the Rashba
spin-orbit interaction. It is also clear that the Majorana
fermions at the odd junction push the intragap states
to notably higher energies, creating a larger excitation
gap. For the even junction the gap is somewhat smaller.
Notably, however, only for strong Rashba coupling there
exists detectable states below the continuum.
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FIG. 4: LDOS at sites 1 and 2 for µ = −4,∆ = 0.1, Vz =
1.5 and α ∈ [0, 0.45] in steps of 0.05. Lines are drawn with
increasing offset with α = 0 for the bottom line. Guidelines
(red) indicate the lowest energy of the intragap states.
To understand why the Rashba spin-orbit interaction
opens up an energy gap it is instructive to consider what
happens in the absence of Rashba spin-orbit interaction,
and for small magnetic impurity strengths. However, in
the absence of both Rashba spin-orbit interaction and
Zeeman spin-splitting, the chemical potential natural for
studying topological superconductivity corresponds to a
Fermi level close to band edge of the normal state Hamil-
tonian. To remedy this problem and be able to study
what happens as one term after another is turned on,
we for a moment shift the chemical potential back firmly
into the band of the normal state Hamiltonian, choosing
µ = −2. The resulting model is not in the topologically
non-trivial phase, but the intragap bands are a very gen-
eral feature.
It is well known that a single magnetic impurity in
an s-wave superconductor gives rise to localized Yu-
Shiba-Rusinov (YSR) states inside the superconducting
gap [39, 43–46]. A chain of such impurities therefore give
rise to what can be dubbed YSR bands. In the left panel
of Fig. 5 we plot the spin-polarized LDOS in the middle
of a long ferromagnetic impurity wire embedded in an
s-wave superconductor without Rashba coupling, as well
as the bulk LDOS in the absence of impurities. It is clear
that the YSR bands are strongly spin-polarized, with
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FIG. 5: Bulk LDOS for a conventional s-wave superconduc-
tor (thick blue line) with µ = −2, as well as spin polarized
LDOS for spin-up (red) and spin-down (black) electrons in the
middle of a 200 sites long ferromagnetic wire with Vz = 0.3,
embedded in the s-wave superconductor 400 x 201 sites large,
for α = 0 (left panel) and α = 0.3 (right panel).
spin-up electrons entering the energy gap from above,
and spin down electrons entering from below, since the
Zeeman spin-splitting term favors spin-up electrons in
Eq. 1. With increasing Zeeman spin-splitting, the intra-
gap bands eventually starts to overlap, but the spin-up
and down states are still independent of each other. How-
ever, as soon as spin-orbit interaction is turned on, the
two bands are coupled to each other and a gap opens up,
as is seen in the right panel of Fig. 5.
The opening of an energy gap facilitated by the spin-
orbit term can also be understood from the band struc-
ture of a 1D ferromagnetic and superconducting wire.
As discussed in the Supplementary material, the spin-
orbit interaction only opens a gap in the presence of
a superconducting order parameter. In particular, this
explains why the spin-orbit interaction pushes the YSR
bands away from the Fermi level. The Rashba term it-
self has no preference for hybridizing energy levels more
strongly around the Fermi level, but superconductivity
clearly has.
Zeeman spin-splitting.—We have already seen how the
Zeeman spin-splitting in the absence of Rashba spin-orbit
interaction affects the intragap states by pulling them
through the gap. Next we consider the effect of the Zee-
man spin-splitting in the presence of all other terms. In
Fig. 6 we plot the LDOS at sites 1 and 2 for a sequence
of different Vz. The behavior of the LDOS is notably
more complicated than for varying Rashba interaction.
This can be understood as a consequence of the depen-
dence of the band structure on the Zeeman spin-splitting
and the topological phase transition that the system goes
through as Vz is varied. The topological phase transition
occurs as the band gap closes at k = 0 (along the wire),
see Supplementary material. However, far away from the
topological phase transition the gap is smallest at finite
k, where it is instead opened by the Rashba spin-orbit
interaction, see Supplementary material. Both of these
band edges therefore gives rise to signatures in the LDOS.
As indicated by the cross shaped guide lines in Fig. 6,
a rapid decrease of the energy gap first occurs as the
Zeeman spin-splitting is turned on, until the topologi-
cal phase transition occurs at the crossing point. After
the phase transition, this gap at k = 0 increases again
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FIG. 6: LDOS at sites 1 and 2 for µ = −4, α = 0.3,∆ =
0.1, and Vz ∈ [0, 2] in steps of 0.25. Lines are drawn with
increasing offset with Vz = 0 for the bottom line. Guidelines
(red) indicate the lowest energies of the intragap states.
and eventually becomes too large to give any clear signa-
ture in the LDOS, as indicated by the terminated cross
shaped lines. In addition, another set of intragap states
can also be identified, which follows the first type of in-
tragap states but at a slower rate. However, in contrast
to the first type of intragap states, these states contin-
ues to move into the gap also after the topological phase
transition, albeit at an even slower rate (see kink ap-
proximately at topological phase transition). We also
note that Fig. 6 eliminates any doubt regarding whether
the zero energy state at the odd-junction at site 2 truly
is a Majorana fermion, as it is seen to appear once the
topological phase transition has occurred. Figure 6 also
displays the clear difference between intragap states be-
tween even- and odd-junctions for a very wide range of
magnetic impurity strengths.
Conclusions.—We have studied a wire network of fer-
romagnetic impurities on the surface of an s-wave super-
conductor with strong Rashba spin-orbit interaction. We
find that zero-energy Majorana fermions not only appear
at the end points of individual wires, but also occur at
junctions with an odd number of wire segments, while no
low-energy states are present in junctions with an even
number of wire segments. This even-odd effect for the
appearance of zero-energy states is a unique consequence
of their Majorana character. Both construction and mea-
surements of a wire network should be possible using
existing scanning tunneling technology and would pro-
vide evidence for Majorana fermions much stronger than
measurements on a single wire. Furthermore, we find
that the energy gap protecting the Majorana fermions in
odd-junctions and fully gapping even-junctions, increases
notably with larger Rashba spin-orbit coupling. By ap-
plying an electric field it might be possible to experimen-
tally tune the strength of the surface Rashba spin-orbit
coupling. Varying the magnetic impurity spin-splitting
primarily tunes the topological phase, but has limited
influence inside the topological phase.
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6Supplementary material
Chemical potential.— In Fig. 7 we plot the behavior of
the LDOS at sites 1 and 2 as a function of the chemical
potential µ moving towards the band edge. As seen, the
energy gap can be seen to decrease smoothly as a function
of |µ|. This can be understood as a consequence of the
normal state DOS at the Fermi level being continuously
decreased as the chemical potential approaches the band
edge.
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FIG. 7: LDOS at sites 1 and 2 for α = 0.3,∆ = 0.1, Vz = 1.5
and µ ∈ [−4.4,−3.5] in steps of 0.1. Lines are drawn with
increasing offset with |µ| = 3.5 for the bottom line. Guidelines
(red) indicate the lowest energy of the intragap states.
Order parameter.— In Fig. 8 we plot the behavior of
the LDOS at site 1 and 2 as a function of the size of the
superconducting order parameter ∆. The band gap can
be seen to increase smoothly as a function of ∆.
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FIG. 8: LDOS at site 1 and 2 for µ = −4, α = 0.3,∆ =
0.1, Vz = 1.5 and ∆ ∈ [0, 0.18] in steps of 0.02. Lines are
drawn with increasing offset with |∆| = 0 for the bottom line.
Guidelines (red) indicate the lowest energy of the intragap
states.
Band-structure.— Here we will demonstrate how the
Rashba spin-orbit interaction opens up an excitation gap
in a superconducting and ferromagnetic wire by consid-
ering a 1D bulk Hamiltonian for such a system in the
continuum limit:
H1D =

(k)− Vz −L(k) 0 ∆
L(k) (k) + Vz −∆ 0
0 −∆∗ −(k) + Vz L(k)
∆∗ 0 −L(k) −(k)− Vz
 ,
(3)
where (k) = −2t cos(k) − µ and L(k) = iα sin(k). The
energy spectrum for this Hamiltonian is [17, 40]:
E(k) = ±
√
2(k) + L2(k) + V 2z + |∆|2 ± 2
√
2(k)L2(k) + [2(k) + |∆|2]V 2z . (4)
In Fig. 9 we plot this band structure for both α = 0 and
α = 0.3. In the top panel the chemical potential is set to
µ = −1, corresponding to the trivial phase, while in the
bottom panel µ = −2, corresponding to the topologically
non-trivial phase. The topological phase transition takes
place when the bands invert at k = 0. (Note that the
band edge of the 1D model is around µ = −2 rather
than around µ = −4 as in the 2D model.)
As clearly seen, the introduction of the Rashba spin-
orbit interaction opens an energy gap in the band struc-
ture at a finite k-value, for both the trivial and non-trivial
topological phases. In fact, this gap opening should be
understood as an interplay between the Rashba spin-
orbit interaction and superconductivity, since the intro-
duction of a Rashba interaction fails to open a gap in
the absence of superconductivity. To understand why
Rashba spin-orbit interaction and superconductivity are
both needed, we note that in the absence of superconduc-
tivity, the Rashba-spin orbit interaction couples the two
Zeeman split electron band parabolas to each other, and
likewise for the holes. However, these do not cross each
other and a gap opening can therefore not take place.
Similarly, in the absence of Rashba spin-orbit interac-
tion, the superconducting order parameter couples the
spin-up electron band to the spin-down hole band, and
vice versa. For a finite Zeeman spin-splitting these pair
of bands however only cross each other away from the
Fermi level (if at all), and explains the four gap openings
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FIG. 9: Band structures of a 1D ferromagnetic and supercon-
ducting wire with Vz = 0.3, and ∆ = 0.1 for α = 0 (grey lines)
and α = 0.3 (black lines). (Top) trivial phase with µ = −1.
(Bottom) non-trivial phase with µ = −2.
that appear away from the Fermi level for the grey bands
in the top panel of Fig. 9. However, when both terms
are present at the same time, all four band couple to
each other. The Rashba spin-orbit interaction mixes the
spin-character of the electron and hole bands, allowing
the superconducting order parameter to gap any band
crossing. In particular, this explains why the addition
of a spin-orbit interaction leads to an energy gap open-
ing around the Fermi level, even though there is nothing
special about the Fermi level for the Rashba spin-orbit
interaction in itself.
